Introduction
At the present time there is a strong interest in high-speedflight vehicles. Some examplesof thesevehiclesare the high-speedcivil transport (ItSCT) and the hypersonic flight configurations beingconsideredfor the National Aero-SpacePlane (NASP). In the caseof the NASP, oneencounterscomplex high Mach number phenomenaand interactions, which can involve strong shock and expansionwaves, in not only the flow over the vehicle, but also in the flow through the engines,where chemical reactions occur. An effectivedesignmethod for such vehicleswill obviously require both detailed experimental data as well as flexible, efficient, and accuratecomputational techniques. Robust prediction methods(i.e., thosethat can be applied on a routine basis) are not currently available for hypersonicflows. However,due to the significant progressduring the last decadein the developmentof effectivealgorithms for subsonicand transonic flows, there are a number of opportunities for constructing improved schemesfor high-speedflows.
One powerful approach for the numerical solution of partial differential equations, which has beensuccessfullyapplied to fluid flow problems,is multigrid. Multigrid methods were first developedfor elliptic equations. Thesewerelater extended to hyperbolic equations such as the time-dependentfluid dynamic equations for subsonic and transonicflow [1, 2, 3, 4, 5] . Even for transonic cases,the steady state can retain many of the properties of an elliptic equation when the region of supersonicflow is limited. We shall show that with proper care the multigrid method still works for hypersonicflow. Gustafssonand Lotstedt [6] have pointed out that hyperbolic multigrid works by two different processes.For the long waves,the advection processis most important and multigrid achievesits efficiencyby allowing the useof larger time steps on coarsergrids. IIence, it is important that the smoother uselarge time steps. However,for the shorter waves, dissipation is more important and the efficiencyof multigrid is basedon principles similar to that for elliptic equations.
Severalinvestigatorshaveapplied multigrid to high-speedflows with varying degrees of success. For example, in [7] the.Euler equationsare solvedwith and without chemistry using the Roe schemefor spatial discretization and the ADI schemefor time marching. A factor of four decreasein computational time wasobtained with the multigrid method for a simple one-dimensional nozzle flow (exit Mach number of about 3.7). A calculation for a Mach 22 wedgeflow showedthe basic schemeto be noticeably faster than the multigrid scheme.One notable conclusionof this work was that the performanceof the multigrid is driven by the fluid dynamics and not the chemistry (at least for the caseof simple reaction models). The high level of performanceand widespreadapplication of lnultigrid algorithms with central differencingand an explicit multistage time-stepping schemehaveprovided strongencouragement to makethem work for hypersonicproblems. An initial effort [8] to apply this type of algorithm resulted in numericaldifficulties that preventedthe calculation of two-dimensionalflows(i.e., blunt body and wedgetype) with a Mach number higher than about 7. In order to compute such flows, a low CourantFriedrichs-Lewy (CFL) number wasrequired. Thus four and five stageschemeswerenot practical, since there is substantial deterioration in the high frequency damping of the schemedue to the large reduction in the CFL number. The CFL restriction reduced the potential of the schemeas a viscousflow solver. More recently an algorithm utilizing a semicoarsening technique,a symmetric TVD formulation, and a three stageRunge-I_.utta scheme [9] was proposedand usedto compute high Reynolds number (laminar) Mach 10 flow over an airfoil at 10degreesangle of attack. A good resolution of the bow shock waveand a reasonableconvergencerate were obtained. 
where the four-component vector of conserved variables 
where j-1 is the inverse transformation Jacobian, and
In a cell-centered, finite-volume method, In this paper we average the fluxes but have not seen much difference between the various approaches.
The dissipation terms are a blending of second and fourth differences. That is,
where
and A¢ , V_ are the standard forward and backward difference operators, respectively, associated with the _ direction. The variable scaling factor ), is chosen as 1 where )_ is proportional to the spectral radius of the matrix A. The coefficients e(_) and e (4) are adapted to the flow and are defined as follows:
e(2) = a (2) max (vi_l, / vi, j, Vi+l, j, Vi+2, j) ,
where p is the pressure, and the quantities a(2) and a(4) are constants to be specified. smoothing properties. For high-speedflows we find it necessaryto append a nonlinear dissipation to the usual onethat dependson the modified switching function of (12). We also need to increasethe constant coefficienton a coarsemeshfrom the standard value of 1/16 to a value of 1/4. In order for the schemeto be stable it is necessaryto restrict the time step. Both a convection limit as well as a diffusion limit must be taken into account in general. As shown in [15] the actual time step (At_c_),basedon a sufficient condition for stability, is determined as follows:
where N is taken to be the allowable CFL number, and the constant d is 4. The spectral radii A_ and A-'-_of the Jacobian matrices /I and /), where the tilde denotes that the matrix is multiplied by the transformation Jacobian J, are given by = + + +
For the thin-layer Navier-Stokes equations,
• Prp where -y is the specific heat ratio, and Pr is the Prandtl number.
We now consider how the contributions to (14) [18] . In addition, an explicit multidimensional derivation of such coefficients is considered in [19] . These variable coefficients have proven to be quite reliable in extending the stability limit of the Runge-Kutta schemeby a factor of two. However,their developmentis basedon hyperbolic considerationsonly, and they do not eliminate the needfor a diffusion factor in the time step. As indicated in the precedingsectionand we emphasizehere,this factor can evendominate the time step determination in the caseof hypersonicflow. In this sectionwe will briefly discuss the smoothing coefficientsof [18] and present their straightforward extension to three dimensions. Then we will developsmoothing coefficientsthat allow the removal of the diffusion limit, resulting in a At which depends only on the spectral radii of the flux Jacobian matrices.
For multidimensional problems, the residual smoothing can be applied in the form 
where the ratio r,e = Ao/Ae, and the quantity N/N* is the ratio of the CFL number of the smoothed scheme to that of the basic explicit scheme (usually having a value of 2). In hypersonic flow applications we found it necessary for N* to be 3.25, rather than the value of 3.75 used for transonic computations.
From a linear stability analysis, the scheme with these coefficients is stable for all mesh cell aspect ratios when the parameter _p_ 0.125andN/N* is sufficiently large. The formulas of (17) and (18) can be easily extended to three dimensions. Moreover, we define where l = _,r/,_" 
where the caret indicates a transformed quantity, and the Fourier symbol
with "_d : At#/AY 2. If implicit residual smoothing is applied, then -2)_a(1 -cosO)
A sufficient condition for stability is given by
where N3 is the diffusion number of the unsmoothed scheme. It then follows that the smoothing coefficient/3d is given by ] lr td]
where 
Since we want to remove the diffusion limit, the actual At must depend only on A_ and A,_. Thus we rewrite (26) as mesha Full Multigrid (FMG) method is used. The FMG is analogousto grid sequencing, except that multigrid cyclesare performedon eachcoarsegrid. Someof the additional elementsof the multigrid method are not necessarilystandard. A smoothing of the coarsegrid correctionsbeing transferredto the finest grid was found to be beneficial in transonic computations [17] . The smoothing was accomplishedwith the implicit residual smoothing mentionedpreviously and a constant coefficient/3 _ 0.1. This smoothing of the residualsoil the way to finer meshesis crucial for the convergence of the multigrid for hypersonicflows. Sucha processacts to reducehigh frequencyoscillations causedby the interpolation. IIence, it becomesespeciallyimportant near strong shocks,where nonphysicalupstream influencecan occur. It should be emphasizedthat choosingthe smoothing parameter too large can slow conwergence. Another important elementfor high Mach number (M _>10) flowsis tile coarsegrid correction scheme.That is, the physical viscousterms should alsobe computed on the coarsemeshes.Difficulties with applying a turbulence model on a coarsegrid can be avoidedby interpolating the turbulent viscosity from the valueson the finest grid.
Boundary Conditions and Initialization
At a solid surface(wall) boundary the no-slip condition is enforced. The wall pressure is set to the value at the first interior solution point, and thus, a reducednormal momentum equation is satisfied. An adiabatic wall is assumed. In a finite-volume formulation, this amounts to treating the Cartesian velocity componentsas antisymmetric functions and the temperature asa symmetric function with respectto the wall. For each of the physical problems consideredthe Mach number at the inflow boundary exceeds 1.0. Consequently,the dependentvariablesare specifiedat this boundary according to the flow conditions. At any outflow boundary, we apply simple extrapolation of the componentsof the solution vector. In general,for hypersonicflows, numericaldifficulties are experiencedat the start of a calculation if the discrete flow field is initialized with fi'ee-streamconditions. To avoid thesedifficulties we apply the following procedure. The Mach number of the flow is set to a lower value than the required one. Then the Mach number is gradually increasedover a few hundred time steps until the desired flow conditions are obtained. This Mach number ramping is only done on the coarsestmeshin the FMG sequence.
Results
We consider the following two test cases: (1) two-dimensionalturbulent flow about the NACA 0012airfoil, and (2) three-dimensionalturbulent flow about a blunt biconic. Here also there is less than a 2 percent difference between the computed pressure jump and the stagnation pressure determined along the stagnation streamline and the values from one-dimensional theory.
As indicated in figure  12 , the logarithm of the residual is reduced nearly 5 orders in 200 cycles on the finest mesh. There is a slowdown in the asymptotic convergence rate for this case. At this point the precise reason for such behavior is not clear.
We now consider the three-dimensional case.
A mesh consisting of 128 x 96 x 24 cells was used for the blunt biconic.
In figure 13 , a two-dimensional slice of the mesh is 
